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Remark: The only allowed tools are paper, pen and your brain.
No calculators, mobile phones, tables of formulas, lecture notes etc.
Please do not forget to legibly sign all the sheets you want to submit.
In each section all the questions have the same value.
Time: 120 minutes.

Section A: Theoretical questions (28 points)

A1. Define the scalar product of two vectors and give two ways of calculating it.

A2. Define power series and its radius of convergence.

A3. What is an invertible function? Give condition(s) for a function to be invertible.

A4. Define the function loga x. Describe its maximum domain and range, justifying
your answer.

Section B: True or false (10 points)

Decide whether the following statements are true or false. If the statement is false, give
a counterexample.

B1. Every real polynomial of degree ≥ 2 has at least one real root.

B2. If an is a sequence of nonnegative numbers with lim
n→∞

an = 0, then the series
∞∑
i=1

an

is convergent.



Section C: Does or does not exist (12 points)

Decide whether the following objects do or do not exist. If the object exists, give an
example, if it does not, explain shortly why.

C1. A strictly convex function on an open interval (a, b) having a local maximum at
some point x ∈ (a, b).

C2. A converging alternating sequence.

C3. A function defined on R which is differentiable everywhere except at three different
points.

Section D: Calculus (50 points)

D1. Simplify 3

√
1− i√
3 + i

and (2− 2i)9, and calculate the inverse of 3− 2i.

D2. Solve the system {y = log2 2x, y = log4 x} and solve the equation
ln(x− 3) + ln(x− 2) = ln(2x + 24).

D3. Study the properties of the function f(x) =
ex − 1

ex + 1
:

• Domain of definition, possible symmetries (even/odd).

• Zeroes of f , intersections with the x- and y-axes.

• Continuity and differentiability.

• Monotonicity, stationary points, local extrema.

• Inflection points, concavity/convexity.

• Limits in ±∞.

• Finally, sketch the graph of f .

D4. For which values of x are the following power series convergent?

(a)
∞∑
j=0

xj , (b)
∞∑
k=0

xk

k
.


