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Vectors

Physical quantities can be scalars (such as temperature,
mass), which only have a value, or vectors (such as velocity,
force), which have value and direction.

A vector is represented graphically by a directed line segment.
Notations: ~a,

−→
AB,a.

A vector is not attached to any particular point: any vector ~a can
be graphically represented at every point of the plane or space.
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Example: ~a =
−−→
PP ′=

−−→
QQ′. We say that

−−→
PP ′ is a translation of

the vector
−−→
QQ′.
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Basic vector operations

Two special names: a unit vector is a vector with length 1, and
the null vector is the vector with length zero (it has no
direction).

One can perform several algebraic operations with vectors:

I Addition: ~a + ~b (by the parallelogram law).
I Scalar multiplication: λ~a for any λ ∈ R.

I If λ > 0, then ~a and λ~a have the same direction.
I If λ < 0, then ~a and λ~a have opposite directions.

I Subtraction: ~a− ~b = ~a + (−~b) = ~a + (−1)~b
I We cannot divide by a vector, only by a scalar - defined as

scalar multiplication with the inverse value of the scalar
(1/λ).
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Components of vectors
We focus first on vectors in the drawing plane. The set of these
vectors is usually denoted by V2.

Consider a Cartesian coordinate system in the plane. Let ~e1
and ~e2 be two unit vectors on the cartesian axes. Another
notation: ~i ,~j .

Any vector ~a can be decomposed as a sum of two multiples of
~e1, ~e2:

~a = a1~e1 + a2~e2

Thus, one associates to the vector ~a an ordered couple of real
numbers (a1,a2) called the Cartesian components of the
vector.

We write ~a =

(
a1
a2

)
= (a1,a2)

′. Example: ~e1 = (1,0)′ and

~e2 = (0,1)′. The operator ′ is called transposition.
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Components and operations

The null vector has both components equal to zero.

Two vectors ~a = (a1,a2)
′ and ~b = (b1,b2)

′ are equal when
a1 = b1 and a2 = b2.

The rules for vector algebraic operations can be formulated in
terms of vector components:

I Addition: ~a + ~b = (a1 + b1,a2 + b2)
′

I Scalar multiplication: λ~a = (λa1, λa2)
′

I Subtraction: ~a− ~b = (a1 − b1,a2 − b2)
′

Given a point A(x0, y0) in the Cartesian system, its position
vector is defined as ~a =

−→
OA = (x0, y0)

′.
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Properties of planar vectors

I The length of the vector: given by |a| =
√

a2
1 + a2

2.

I The angle ϕ of the vector with the x-axis: cosϕ = a1
|a| ,

sinϕ = a2
|a| , tanϕ = a2

a1
.

I The direction of the vector is given by the slope: tanϕ.

Given a vector ~a, its normalized vector is ~ea = ~a
|a| . Thus,

|~ea| = 1.

Two vectors ~a and ~b are collinear if ~a = λ~b for some λ ∈ R.
Collinear vectors might be: parallel (the same direction, that is
λ > 0) or antiparallel (opposite directions, that is λ < 0).
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(Planar) polar coordinates

The length r of a position vector and the angle ϕ between the
vector and the x-axis determine the polar coordinates:
r ∈ [0,+∞) and ϕ ∈ [0,2π). We can write then the vector as
having polar coordinates (r , ϕ).

The relationship between the cartesian coordinates (x , y) and
the polar (r , ϕ) coordinates:

r =
√

x2 + y2, tanϕ =
y
x
;

x = r cosϕ, y = r sinϕ.
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Scalar product of two vectors

The scalar product of two vectors is defined as the real
number

~a · ~b = ~b · ~a = |~a||~b| cos θ,

where θ is the angle between the directions of the vectors.
Another notation: 〈~a, ~b〉. Note that the scalar product can be
positive, zero or negative.

We have:
~a · ~b = a1b1 + a2b2.

The length of the vector ~a is: |~a| =
√
~a · ~a.

Two vectors are orthogonal when their scalar product
vanishes: ~a · ~b = 0. Example: ~e1 · ~e2 = 0.
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Bases

The unit vectors ~e1 = (1,0)′ and ~e2 = (0,1)′ form a basis of V2:

Every vector ~a can be expressed as a linear combination of
the basis vectors in a unique way:

~a = a1~e1 + a2~e2.

In fact, every two non-collinear vectors form a basis in V2.
Example: we can write any vector as a linear combination of
(1,0)′ and (1,1)′ in a unique way.

Two examples of non-bases:

(1,0)′ and (−1,0)′

(1,0)′, (0,1)′ and (1,1)′
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Projection
Consider two vectors ~a and ~b.

We would like to project the vector ~a onto ~b, that is, to
determine the component ~a‖ of −→a which is parallel to

−→
b :

~b

~a

~a‖
~a⊥ 44

GG

44

TT

With ~eb being the normalized vector of b, ~a‖ is given by

~a‖ = (~a · ~eb)~eb.

Thus, we can decompose ~a as ~a = ~a‖ + ~a⊥, where ~a⊥ is
perpendicular to ~a‖.
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Three-dimensional vectors

The set of 3D vectors is denoted by V3.

Similarly to the 2D case, we can associate to every 3D vector ~a
an element of R3, i.e., ~a = (a1,a2,a3)

′. These are the
coordinates with respect to the basis of unit vectors along the
Cartesian axes: ~e1 = (1,0,0)′, ~e2 = (0,1,0)′, ~e3 = (0,0,1)′.

The scalar product is defined as ~a · ~b = a1b1 + a2b2 + a3b3,
having similar properties:

I ~a · ~b = |~a||~b| cos θ, where θ is the angle between the
vectors ~a and ~b.

I The length of the vector ~a is |~a| =
√
~a · ~a.

I Two vectors are orthogonal when their scalar product
vanishes.
Example: ~e1 · ~e2 = 0, ~e2 · ~e3 = 0, ~e1 · ~e3 = 0.
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Vector (cross) product (3D only!)

The vector (cross) product of two 3D vectors ~a and ~b is the
vector ~c = ~a× ~b defined by

~c = (a2b3 − a3b2)~e1 + (a3b1 − a1b3)~e2 + (a1b2 − a2b1)~e3

and has the following properties:

I Its length is |~c| = |~a||~b| sin θ.
I It is orthogonal to the plane formed by the two vectors:
~c ⊥ ~a, ~c ⊥ ~b.

I ~a× ~b = −~b × ~a (anticommutativity)
I ~a× ~a = 0; more generally: (λ~a)× ~a = 0 for every scalar
λ ∈ R.
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N-dimensional vectors

The set of N-dimensional vectors is denoted VN . There is a
natural basis ~e1, . . . , ~eN of vectors in the Cartesian axes, and
every vector veca has the coordinates

~a = (a1,a2, . . . ,aN)
′

The theory is similar to the previous cases:

I vector operations: ~a + ~b, λ~a

I length: |~a| =
√

a2
1 + · · ·+ a2

N =
√∑N

i=1 a2
i

I scalar product: ~a · ~b = a1b1 + · · ·+ aNbN =
∑N

i=1 aibi

I |~a| =
√
~a · ~a

I angle: ~a · ~b = |~a||~b| cos θ
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Some exercises
Let A(1,1), B(3,0), C(−2,2) and ~b = (−1,3)′.

1. Determine the vector −→a =
−→
AB.

2. Determine the point D such that
−→
CD is a translation of ~a.

3. Calculate ~a− ~b, 3~a + ~b.
4. Calculate the scalar product of ~a and ~b.
5. What is the angle between ~a and ~b?
6. Project ~b onto ~a and compute ~b‖, ~b⊥.

7. Which of the following vectors is collinear with ~b and which
one is orthogonal to ~a?

~f = (−3,−6)′ , ~g = (2,−6)′ , ~h = (−2,6)′ .

8. Find some vector that is orthogonal to ~b and some other
vector that is collinear with ~a.
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