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A small piece of theory

Before going to the solutions of the exercises, let us shortly discuss the theorem about limits of monotone
sequences from the lecture:

Theorem 1. Let an be a monotone sequence (up to a finite number of terms). Then there exists a limit
of an, and is finite if and only if an is bounded.

The proof of the Theorem is based on the so-called supremum or infimum properties of real numbers,
and although is not very difficult, it’s out of the scope of our lecture. More important is to gain good
undestanding of what the Theorem says. First of all: What kinds of monotone sequences can we have?

• nondecreasing: an+1 ≥ an

• increasing: an+1 > an (observe that this is just a special case of a nondecreasing sequence)

• nonincreasing: an+1 ≤ an

• decreasing: an+1 < an (observe that this is just a special case of a nonincreasing sequence)

In fact, since the limit tells us what the sequence does when n grows to infinity, we do not need that the
monotonicity property holds for every n ∈ N, but for every n bigger than certain index n0. In other
words, we can ignore a finite number of terms of the sequence; that’s why the Theorem says “up to a
finite number of terms”. An example: Let’s have a sequence an defined as

an = (−1)n for n = 0, . . . , 100 ,

an = n for n ≥ 101 .

Then we see that the sequence as a whole does not have any monotonicity property (because its first
100 terms are alternating), but it starts to be increasing after n = 100. So we can choose n0 = 100 and
apply Theorem 1, because the first 100 terms do not influence the limit. Please think about it carefully;
a picture always helps!

Next, what does it mean that “there exists a limit of an”? It means that either limn→∞ an is a real
number (finite limit) or that limn→∞ an =∞ or limn→∞ an = −∞ (infinite limits). Now, the Theorem
tells us that the limit of an is finite if and only if the sequence an is bounded (recall: “bounded” means
that there exists a real number M such that |an| ≤ M for all n ∈ N). Let us discuss the two possible
cases:

• an is nondecreasing (or increasing): In this case, the sequence is clearly bounded from below (Why
is it clear? The sequence is nondecreasing, so a0 ≤ a1 ≤ a2 ≤ . . . , which means that a0 is the
smallest term. So the sequence is bounded from below by a0; draw yourself a picture to see it
clearly!). So what the theorem really says is: If an is nondecreasing (or increasing), it has a limit



and the limit is finite if and only if the sequence is bounded from above. In other words, either
the sequence grows to infinity (for instance, an = n; picture!), or it converges to some finite number
(for instance, an = − 1

n ; picture!).

• an is nonincreasing (or decreasing): In this case, the sequence is clearly bounded from above (use
the same argument as before to see that the sequence is bounded from above by a0; picture!). Now,
what the Theorem says is: If an is nonincreasing (or decreasing), it has a limit and the limit is
finite if and only if the sequence is bounded from below. In other words, either the sequence
falls to minus infinity (for instance, an = −n; picture!), or it converges to some finite number (for
instance, an = 1

n ; picture!).

The main point is how will we use the theorem in practical calculations. Given a sequence, we always
first check if it has any monotonicity properties (again, remember that we can ignore a finite number of
terms). If the sequence is not monotone, then the theorem simply does not help us and we have to use
some other tools to investigate the existence of the limit. But, if we discovered some type of monotonicity
(up to a finite number of terms), then the theorem immediately tells us that the sequence has a limit.
Moreover, if we are able to check boundedness (which usually is quite easy), the theorem tells us whether
the limit is finite or not. For example, if we discover that an is nondecreasing, then we know that it has
a limit - either finite or +∞. Moreover, if we find an upper bound for an (i.e., M ∈ R such that an ≤M
for all n ∈ N), we know that the limit is a real number (and we may try to calculate this real number).
On the other hand, if we are able to prove that for an there is no upper bound, then the limit is +∞.
Try to think about it... and draw a picture:-)

Solutions to exercises 1, 2 and 3 from Sheet 7

1. (a) The most trivial example is an = 1. A less trivial example is an = 1 + 1
n+1 . The sequence is

bounded, because it is bounded from below (an ≥ 1 for all n ∈ N) and it is bounded from
above (an ≤ 2 for all n ∈ N). The limit is

lim
n→∞

an = lim
n→∞

(
1 +

1
n + 1

)
= lim

n→∞
1 + lim

n→∞

1
n + 1

= 1 + 0 = 1 .

Here we used the rule for the limit of a sum and the fact that 1
n+1 is a rational function of n

- and we know everything about limits of rational functions, see the lecture slides.

(b) For example, an = (−1)n 1
n+1 . The limit is zero, because |an| ≤ 1

n+1 and the limit of the
sequence 1

n+1 is zero.

(c) Impossible. Why? If such a sequence existed, there would be an index n0 such that |an−2| ≤ 1
2

for every n ≥ n0 (this is the definition of the limit with ε = 1
2 , see lecture slides). In other

words, an ∈
[
3
2 , 5

2

]
for all n ≥ n0. Consequently, all the terms an with n ≥ n0 have to be

positive, so they cannot change signs. So the sequence cannot be alternating. By the way, one
can make a general statement: If a sequence has a nonzero limit, then it cannot be alternating.
Think about it!

(d) For example, cn = (−2)n = (−1)n2n.

(e) Impossible: the sign has to jump between − to + all the time, so the sequence cannot have
any monotonicity property.

(f) Impossible: Theorem 1 says that any monotone sequence has a limit. So, trivially, there
cannot be any increasing sequence that would not have a limit (finite or infinite).

(g) For example, an = 3 + 1
n+1 . Check that it’s decreasing and that the limit is 3!

2. (a) ck = 1 − 3(−k): First of all, it is helpful to rewrite the sequence definition in a more com-
prehensive form as ck = 1−

(
1
3

)k. In the exercise we checked that the sequence is increasing



(ck+1 > ck for every k ∈ N), bounded (0 ≤ ck < 1 for every k ∈ N) and not alternating
(all the terms are nonnegative, so there is no sign changing). Due to its monotonicity and
boundedness, Theorem 1 tells us that ck must have a finite limit. Can we calculate it? Yes,
if we are a little bit creative and observe that ck is a difference of a constant sequence ak = 1
and a geometric sequence bk =

(
1
3

)k. Then we apply the rule about limits of differences from
the lecture:

lim
k→∞

ck = lim
k→∞

(ak − bk) = lim
k→∞

ak − lim
k→∞

bk = 1− 0 = 1 ,

where we used the result from Exercise 2 about limits of geometric sequences (we have bk = crk

with c = 1 and r = 1
3 ; consequently, we are in the situation −1 < r < 1 and the limit of bk is

zero).

(b) gn = (n + 1)n: We checked in the exercise that the sequence is increasing and not alternating.
Moreover, as we can “feel”, the sequence is not bounded and grows beyond any limits (small
remark: of course, gn is bounded from below, since gn > 0 for every n ∈ N, but - as we are
going to show - it is not bounded from above. Therefore, we say that “gn is not bounded”). To
prove it, we have literally to check that “gn grows beyond any limits”, i.e.: For every E > 0,
we can find an index n ∈ N such that gn > E. So, let us fix E > 0 and try to find n such that
(n + 1)n > E. Taking a logarithm of both sides, we get

n ln(n + 1) > ln E .

Now, we have to be a little creative again, and realize that we actually have a big freedom in
choosing the index n - it just has to be large enough. So we restrict ourselves to n ≥ 1 and
observe that then we have ln(n + 1) ≥ ln 2 > 0. Consequently,

n ln(n + 1) ≥ n ln 2 .

So we if choose n ∈ N such that n ln 2 > E, in other words, n > E
ln 2 , then we have

gn = n ln(n + 1) ≥ n ln 2 > E

and we are done. In particular, we may take n = d E
ln 2e (the number E

ln 2 rounded up such
that the result is a natural number), and we are done.
So, we already know that our sequence gn is increasing and unbounded. Theorem 1 tells us
immediately that limn→∞ gn = +∞.

3. (a) First of all, the arithmetic sequence fn = an + b is such that the difference between any two
consecutive terms is constant: fn+1 − fn = a for every n ∈ N. Therefore, we can distinguish
the cases:

• a > 0: Then the sequence is increasing (in every step we are adding a > 0). Therefore,
Theorem 1 says that it has a limit. Is this limit finite? No, because the sequence has no
upper bound: For every M > 0 (as big as we want), we are able to find a member of the
sequence fn such that an > M . Indeed, if the index n ∈ N is such that n > M−b

a , then
fn > M (check!). So, we conclude that limn→∞ fn = +∞.

• a < 0: Then the sequence is decreasing. Again, Theorem 1 says that there is a limit - either
finite or −∞. As before, we show that there is no lower bound (for every M < 0 we can
find a member fn such that fn < M - check it!), and we conclude that limn→∞ fn = −∞.

• If a = 0, then fn is just a sequence of constants, and limn→∞ fn = b.

(b) A geometric sequence is such that the ratio of any two consecutive terms is constant; in our
case gn+1

gn
= r. We can distinguish the cases:



• If r > 1 and c > 0, then gn is increasing (check!) and has no upper bound (check!).
Consequently, Theorem 1 tells us that limn→∞ gn = +∞.

• If r > 1 and c < 0, then gn is decreasing (check!) and has no lower bound (check!).
Consequently, Theorem 1 tells us that limn→∞ gn = −∞.

• If −1 < r < 1, then we have limn→∞ gn = 0. It is a good exercise to check that this is
really true, by verifying the definition of the limit (see lecture slides). As you see, the
value of c does not play any role in this case.

• If r < −1, then we can write gn = (−1)nc|r|n (because r = −|r|). So, clearly, gn is
alternating. Therefore, if gn had a limit, it would have to be zero (see the “By the way”
part of Exercise 1c). But gn cannot converge to zero, since |gn| = |c||r|n grows to infinity
(just apply the result of the first point, with |r| > 1 in place of r and |c| > 0 in place of c).
Therefore, the limit does not exist. Think about this point carefully, and draw a picture!

The remaning cases (c = 0, r = 0 and r = 1) are trivial.


