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Functions of several variables
Until now, we have worked with functions of one variable: f (t)
where we could give any real value to t (in some domain) and
obtain a related real value.

But in real life, most things depend not on one variable but on
several variables. A function that depends on several variables
is sometimes called multivariate. We write f : D → R where
D ⊂ Rn. Here D is the domain of f .

Example: f : R3 → R defined as f (a, b, c) = a2 + b3 + c4. Here
a, b, c can be any real numbers.

Example: from the equation pV = nRT we get

V =
nRT

p
= V (R, T , p), that is V depends on R, T , p. We can

give them any values that are meaningful physically, and do it
independently (in principle, because the result may not
correspond to real life since this law is just an approximation).
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Scalar and vector fields
A function f : D ⊂ Rn → R is called a scalar field. This means
that at each point of the space of points we put a numerical
value (a scalar). One particular case is, f defined on physical
space (3 dimensions),

Example: the function that associates to each point in space its
temperature.

Example: the function that associates to each point on the
surface of Earth the amount of gravitational force.

Other types of functions are vector fields. These associate a
vector rather than a scalar at every point. We will not deal with
these functions for some time. They would have the form
f : D ⊂ Rn → Rm, meaning that the images are vectors with m
components.

Example: given a moving fluid, associate to each time-space
coordinate the speed vector of the fluid at that point.
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Graphical representation of functions in two variables
How to represent two-variable functions f (x , y) : D ⊂ R2 → R?

I In three dimensions: with three axes x , y , z, the first two
indicate the coordinates of the point, and the third indicates
the value. This is similar to what we did with one variable,
but instead of a curve, we get a surface.
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I Level curves in two dimensions: for each real number c,
the set of solutions of f (x , y) = c is a curve (normally but
not always), we can represent several of them.

When we have more variables, it is useful to fix some of them
and let only one or two vary.
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Partial derivatives
When a function has several variables, we can treat one as a
variable and the others as constants. Then we have a function
in one variable that we can differentiate. We call this a partial
derivative with respect to the chosen variable. We denote it as
∂f
∂x

, ∂x f , fx or f ′
x where x is the variable considered.

Example: V (R, T , p) =
nRT

p

I With respect to R:
∂V
∂R

=
nT
p

I With respect to T :
∂V
∂T

=
nR
p

I With respect to p:
∂V
∂p

=
−nRT

p2

Its meaning is the following: at any point, it is the rate of change
when only one variable changes and the others are fixed.
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Higher order partial derivatives
As with the derivatives that we know, we can differentiate
several times. But now we have to indicate the variables at each

step: fxy ,
∂2f

∂x∂y
etc. When we repeat variables we write

∂2f
∂x2 .

Example: if f (x , y) = x2 cos 3y , then

fx = 2x cos 3y , fy = −3x2 sin 3y

fxx =
∂

∂x

(
∂f
∂x

)
= 2 cos 3y , fxy =

∂

∂x

(
∂f
∂y

)
= −6x sin 3y

fyx =
∂

∂y

(
∂f
∂x

)
= −6x sin 3y , fyy =

∂

∂y

(
∂f
∂y

)
= −9x2 cos 3y

Have you noticed that fxy = fyx? This is not always true but
normally it is:

Theorem: if fxy and fyx are both continuous, then they are equal.
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Differential or total derivative

There is another notion of derivative which is a generalization
of the derivative of functions in one variable. In fact it is
normally written as a differential.

The differential or total derivative of a function
f (x1, . . . , xn) : Rn → R is

df =
∂f
∂x1

dx1 + · · ·+ ∂f
∂xn

dxn

Example: the differential of f (x , y , z) = 3x3y sin z2 is

df = (9x2y sin z2) dx + (3x3 sin z2) dy + (6x3yz cos z2) dz

A very similar concept is the gradient, which we will study in the
future.
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Interpretation of the differential

Just like the differential df of a function f (x) at a point a
represents the best linear approximation at a, the differential of
f (x , y) represents the best linear approximation at any point
(c, d).

For two variables, the geometrical interpretation of the partial
derivatives and the differential is the following: take the surface
represented by f (x , y) and a point (c, d).

I The partial derivative with respect to x at the point is the
slope of the tangent line at that point which is parallel to
the xz-plane. That is, when you are on the surface and
move only in the x direction, the speed at which you are in
the point (c, d) is that derivative.

I The differential represents the tangent plane at the point.

Several variables I 8/11



Exact differentials
An important question (we will come back to it in the future) is:
given a differential E = A(x , y) dx + B(x , y) dy , is there a
function f (x , y) such that df = E? If there is one, we call E an
exact differential.

Theorem: a differential is exact precisely when
∂A
∂y

=
∂B
∂x

.

Example: the following differential is exact:

E = (3x2y − y2) dx + (x3 − 2xy) dy

because
∂A
∂y

= 3x2 − 2y =
∂B
∂x

.

In this case it is easy to calculate a function f : it must satisfy

∂f
∂x

= 3x2y − y2 ,
∂f
∂y

= x3 − 2xy

Can you find one?
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The gradient

The gradient of a function f (x1, . . . , xn) is a vector with n
components, denoted ∇f or grad f and defined as follows:

∇f =

(
∂f
∂x1

, . . . ,
∂f
∂xn

)
Note the similarity with the differential.

When we evaluate ∇f at some point (a1, . . . , an) we obtain the
direction in which the function grows fastest near that point.
Also, the vector is perpendicular to the level curves at the point.

Example: f (x , y) = x2 + y2. Then ∇f = (2x , 2y). This means
that when we are at a point (a, b) the direction in which the
value of f increases the fastest is the vector (2a, 2b). Can you
see this with a picture?
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The gradient and directional derivatives
Note the following property (we write it in two variables, but it
works for any number of variables): if we calculate the scalar
product of the gradient and the basic unit vectors, we get

∇f (x , y) · (1, 0) =
∂f
∂x

, ∇f (x , y) · (0, 1) =
∂f
∂y

That is, multiplying the gradient by a unit vector to the right
gives the rate of change of the function in the direction of the
variable x . And similarly for the y .

If we choose now any other unit vector (u, v), we call the
number ∇f · (u, v) the directional derivative of f in the direction
of the vector (u, v).

In the last example, for the direction v =

(
1√
2
,

1√
2

)
the

directional derivative at the point (−1, 1) is

∇f (−1, 1) · v =
1√
2
· (−2) +

1√
2
· 2 = 0
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